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O Modelling downslope soil-water flow under rainfall. Its role in slope instability
(BERFRIZRE N OKREZNO AR EZBIZRIETEE)
T4V T T u—RT Vo VBIR(T b —7 RE- L HEIR)

Devastating landslides follow prolonged heavy rainfall on sloping grounds that have buildings

above, on or below the slope. Slope instability is exacerbated by the higher frequency of droughts
that kill the binding plant roots. This lecture shows how to construct and interpret exact solutions
for water infiltration at dangerous levels into soil domains.
Darcy’s law leads to Laplace’s equation for the hydraulic pressure head in saturated soil and a
nonlinear diffusion—convection equation, known as the Richards equation, in unsaturated soil. The
most difficult part of the modelling is to determine the phreatic surface which is the free surface
between saturated and unsaturated zones. For steady state flow through a two—dimensional cross
section, there is a particularly useful model, the Gardner soil. Although hydraulic conductivity
K( 0 ) increases with water content 6, in the unsaturated zone K(0 (x; t)) satisfies a linear
Kirchhoff equation.

Contrary to common usage, even in domains of irregular shape with sloping surface, linear
boundary value problems may be solved exactly as series by separation of variables. Then in
principle the series coefficients may be determined from the boundary conditions. In practice we
selected the optimal free surface shape from a restricted class of functions that are cubic splines
with three nodes. This approximation sometimes leads to a small error as the stream function is not
exactly continuous at the phreatic surface but all other boundary conditions are satisfied. The water
enters the top surface at constant rainfall rate and exits through the seepage face at the downslope
end of the saturated zone. By solving this problem with a range of soil types, surface slopes and
rainfall rates, we identified a single condition among the model parameters that will determine
the high rainfall rate that will cause the rising phreatic surface to break through the top surface.
This will signal a dangerous situation of inadequate drainage.

For time—dependent solutions of the Richards equation, there is no such useful integrable model in
two dimensions. However for one—dimensional in filtration there is a well known realistic integrable
model. It shows

(i) that under rainfall rates R < Ks where Ks is hydraulic conductivity at sat—

uration, the bottom barrier boundary will saturate first,

(i) when R > Ks, the top surface will eventually saturate, usually before the

bottom surface, allowing surface run—off,

(iii) when R > 2Ks, the top surface will saturate first, no matter how thin is the layer.



The time to ponding is calculated exactly, showing that the cumulative infiltration at ponding is
a decreasing function of rainfall rate. Post—ponding runoff may remove water before it fully fills the
subsoil. This explains why moderately heavy rainfall rates 1 < R=Ks < 2, applied over extended

periods, are most dangerous.

O Smoothed particle hydrodynamics mesh—free numerical modelling of a landslide
(Ay=27Y—SPH EIZ X B3~ DEABEARFT)
TV T T u—R TV VBE(T - ba—T K- A HHIR)

After prolonged rainfall, a sloping bed may lose stability. Then one is faced with the very difficult
task to model a mass flow that is seemingly chaotic, highly dependent on initial conditions and on
uncertain system parameter values that vary in a complicated way throughout the medium. The
hope is to run a simulation that gives a typical outcome among an ensemble of possibilities,
perhaps estimating the spread of outcomes in the future.

Fixed—grid numerical algorithms would need a very fine grid that would lead to an intractably
large system of equations. Under such complicated dynamics, adaptive non—uniform grids would
suffer from mesh entanglement. However mesh—free methods have recently been used with some
success on a variety of mass transport problems. Smoothed particle hydrodynamics (SPH) was
introduced in 1977 by Gingold and Monaghan and independently by Lucy, to study stellar gas
dynamics. It is a compromise between the fundamental particulate view of matter and the continuum
view. It distributes the mass of the system among N particles, much smaller than the number of
molecules and much smaller than the number of grains of sand in the system. Then the particle
centres follow trajectories from the Lagrangian formulation of continuum mechanics. Each particle
labelled by index ’a’ is smoothed by a kernel function W (jx — xaj), chosen to be a cubic spline with
compact support of width 2h = 4d where d is the mean particle separation. When the density is
summed over particles, field derivatives act on the kernel W. This initially leads to the problem of
not being able to represent a state for which the density gradient is zero. Under the SPH philosophy,
equations of motion rely only on positions xa; xb; -« -of particles. Then the SPH gradient operator
is indeed zero when particles of equal density are regularly spaced.

SPH solutions were verified to high accuracy against exact unsaturated porous medium flows.
For the over-riding continuum we chose an elastic—plastic material with cohesion coefficient ¢ and
friction angle ¢ decreasing at high water content. The Dr[Jucker—Prager yield criterion, a linear
approximation of the Mohr criterion for shearing yield, was assumed. The 2D geometry mimicked
the sand—tray cross section of 22 metres at the base under a rainfall simulator at the Japanese

National Institute for Earth Science and Disaster Resilience (NIED).



In a simulation with 15000 SPH particles (h ~ 10cm), flow speeds, location of plastic
deformation and size of plastic deformation agreed reasonably well with the large scale experiment
at NIED. Simulations of stressed layered soil under buildings near a cliff also agreed with common
engineering experience.

This leaves open many questions. Would there be practical improvement in a more detailed
model with a better plastic flow model with a more accurate dependence of coefficients on water
content ? How do the results of SPH relate to those of radial basis function expansions which uses

such kernel functions as basis functions with a more traditional field theory philosophy ?
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